



















The mass hierarchy with atmospheric neutrinos at INO
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In this simulation study we show that the neutrino mass hierarchy can be explored upto a very low value of
θ13(∼ 3◦) at the magnetized Iron CALorimeter detector at India-based Neutrino Observatory with atmospheric
neutrinos by judicious selection of events and suitable choice of observables. From the simulated events gen-
erated by NUANCE we have shown that the particular ranges of L and E are important for a particular set of
(|∆m232|, θ13, θ23) values to determine the hierarchy with better confidence level. We show that consideration
of more than one observable simultaneously helps to distinguish the hierarchy. We find that some observables
are important for some set of oscillation parameters and insignificant at other set of parameters. Here we have
presented results for a few set of benchmark values of the oscillation parameters. We have found that 3σ (2.2σ)
confidence level can be achieved for discrimination of hierarchy at θ13 = 3◦(7◦) in a 1 Mton-year (250 kton-
year) exposure of this detector. We have proposed a numerical strategy to find out the type of hierarchy for any
set of oscillation parameters. The possible uncertainties that can affect the results have also been discussed.
PACS numbers: 14.60.Pq
I. INTRODUCTION
The recent experiments reveal that neutrinos have mass
and they mix by the mechanism of oscillation[1]. The neu-
trino mass eigenvalues and the Pontecorvo, Maki, Nakagawa,
Sakata (PMNS) mixing matrix [2] provide the natural frame-
work for the oscillation scenario for three active neutrinos.
At present, information is available on two neutrino mass-
square differences and two mixing angles: From atmospheric
neutrinos one gets the best-fit values with 3σ error |∆m223| ≃
2.12+1.09−0.81× 10−3 eV2, θ23 ≃ 45.0◦+10.55
◦
−9.33◦ while solar neutri-
nos tell us ∆m212 ≃ 7.9× 10−5 eV2, θ12 ≃ 33.21◦ [3]. Here
∆m2i j= m2j − m2i . The present experiments are sensitive to∣∣∆m232∣∣ only and the both the sign of ∆m232 fit the data equally
well.
The neutrino mass hierarchy, whether normal (m23 > m22)
or, inverted (m22 > m23), is of great theoretical interest. For
example, the grand unified theory favors normal hierarchy. It
can be qualitatively understood from the fact that it relates
leptons to quarks and quark mass hierarchies are normal. The
inverted mass hierarchy which is unquarklike, would probably
indicate a global leptonic symmetry[4].
For nonzero value of θ13, the hierarchy can be determined
from the matter effect on neutrino oscillation. The contri-
butions of this effect to the effective Lagrangian during the
propagation through matter are opposite for neutrino and anti-
neutrino, which depends mainly on the value of θ13 and the
sign of ∆m232. So the total number of observed events is ex-
pected to differ for normal and inverted hierarchies. The hi-
erarchy can be more prominently distinguished if the exper-
iment is able to count neutrino and anti-neutrino separately.
This needs charge identification of the produced leptons.
In case of θ13 = 0, the mass hierarchy can also be observ-
able in principle even in case of vacuum oscillation due to
nonzero value of ∆m221[5].
Presently over the world, there are many ongoing and
planned experiments: MINOS[6], T2K[7], ICARUS[8],
NOVA[9], D-CHOOZ[10], UNO[11], SKIII[12],
OPERA[14], Hyper-K[13]. It is notable that all these
experiments are planned in the north hemisphere of the Earth.
Among them MINOS is the only magnetized one and has
good charge identification capability. A large magnetized Iron
CALorimeter (ICAL) detector is under strong consideration
for the proposed India-based Neutrino Observatory (INO)[15]
near the equator. Since it has high charge identification ca-
pability (>∼ 93%) [16], it would be able to determine the
neutrino mass hierarchy.
It is also notable here that the CERN-INO base-line hap-
pens to be closed to the so-called ‘magic’ baseline [17, 18]
for which the oscillation probabilities are relatively insensi-
tive to the yet unconstrained CP phase. This permits such an
experiment to make precise measurements of the masses and
their mixings avoiding the degeneracy issues [19] which is as-
sociated with other baselines.
The mass hierarchy with atmospheric neutrinos at the mag-
netized ICAL has been studied in [20, 21, 22]. In [20] the
number of events are calculated analytically in energy and
zenith angle bins. Then the χ2 is calculated including the ef-
fect of possible uncertainties over a large range of zenith angle
and energy. It was found that the precision ∼ 5% in neutrino
energy and 5◦ in neutrino direction reconstruction are required
to distinguish the hierarchy.







where u, (u¯), d, ( ¯d) are the number of up going and down
going events for neutrino (anti-neutrino) respectively for the
baseline (L) and energy (E). For down going events the ‘mir-
ror’ L is considered, which is exactly equal to that value when
neutrino comes from the opposite direction. Here the asym-
metry is calculated numerically and integrated over Emin ≥ 4
GeV. Here a statistically significant region with maximum
number of events corresponds to the range 500 <∼ L/E <∼ 3000.
However, the results depends crucially on the L/E resolutions.
2In [22] the neutrino and anti-neutrino events for direct as
well as indirect hierarchy are considered in the E range 5−10
GeV and the L range 6000−9500 km.
In our work we find that some particular ranges of L and E
are important for a given set of oscillation parameters, where
the matter effect contributes significantly in distinguishing the
hierarchy. The addition of more events from the remaining
L−E regions destroys the results. We have studied some ob-
servables and find the suitable ones for discrimination of the
hierarchy. Finally we proposed a strategy to find the results
with a better confidence level (CL) for the uncertainty of the
oscillation parameters |∆m232| and θ23.
II. THE INO DETECTOR
The detector is a rectangular parallelepiped magnetized
Iron CALorimeter detector[15]. Here the simulation has been
carried out for 50 kTon mass with size 48 m × 16 m × 12 m.
It consists of a stack of 140 horizontal layers of 6 cm thick
iron slabs interleaved with 2.5 cm gap for the active detector
elements. For the sake of illustration, we define a rectangu-
lar coordinate frame with origin at the center of the detector,
x(y)-axis along the longest (shortest) lateral direction, and z-
axis along the vertical direction. A magnetic field of strength
∼ 1 Tesla will be applied along +y-direction. The resistive
plate chamber (RPC) appears to be the best option for the ac-
tive part of the detector. It is a gaseous detector consisting
of two parallel electrodes made of 2 mm thick 2 m × 2 m
glass plates with graphite paint on the outside and separated
by a gap of 2 mm. When a charge particle passes through this
active part, it gives a transient and a very localized electric
discharge in the gases. The readout of the RPCs are the 2 cm
width Cu strips placed on the external sides of the glass plates.
This type of detector has a very good time (∼ 1 ns) as well as
spatial resolution.
III. ATMOSPHERIC NEUTRINO FLUX AND EVENTS
The atmospheric neutrinos are produced from the interac-
tions of the cosmic rays with the Earth’s atmosphere. The
knowledge of primary spectrum of the cosmic rays has been
improved from the observations by BESS[23] and AMS[24].
However large regions of parameter space have been unex-
plored and they are interpolated or extrapolated from the mea-
sured flux. The difficulties and uncertainties in calculation of
the neutrino flux depends on the neutrino energy. The low en-
ergy fluxes have been known quite well. The cosmic ray fluxes
(< 10 GeV) are modulated by solar activity and geomagnetic
field through a rigidity (momentum/charge) cutoff. At higher
neutrino energy (> 100 GeV), solar activity and rigidity cutoff
are irrelevant[25]. There is 10% agreement among the calcu-
lations for neutrino energy below 10 GeV because different
hadronic interaction models are used in the calculations and
because the uncertainty in cosmic ray flux measurement is 5%
for cosmic ray energy below 100 GeV [25]. In our simulation
we have used a typical Honda flux calculated in 3-dimensional
scheme[25].
The interactions of neutrinos with the detector material are
simulated using the Monte Carlo model Nuance[26]. Here
the charged and neutral current interactions are considered
for (quasi-)elastic reactions, resonant processes, coherent and
diffractive reactions, and deep inelastic scattering processes.
IV. ROLE OF HIERARCHIES AT DIFFERENT E AND L
THROUGH THE EARTH
We have studied the difference in survival probabilities for
normal hierarchy (NH) and inverted hierarchy (IH) at different
neutrino energy (Eν) and its baseline (Lν) for both νµ and ¯νµ.
The dependence on the values of the oscillation parameters
are also studied in detail. Here we have used full three flavor
oscillation formula using the earth density profile of PREM
model[27]. The observations are the following.
In case of non-zero θ13 with IH, it is seen that when ¯νµ with
energy≈ 2−6 GeV passes through the core of the Earth (den-
sity ≈ 12gm/cc), an appreciable depletion in survival proba-
bility P(¯νµ ↔ ¯νµ) arises due to the increase of P(¯νµ ↔ ¯νe). In
case of νµ it happens for NH (see from fig. 1). The important
point is that the atmospheric neutrino flux is sufficiently high
at this energy range. Again for 10000 km >∼ Lν >∼ 4000 km,
there is also a large depletion at high energy (∼ 5− 10 GeV)
as seen in fig. 2.
This pattern remains almost same over the present allowed
range of oscillation parameters. The difference is higher over
a long range of Lν and Eν for anti-neutrino than neutrino.
The magnitude of this difference becomes weak for θ23 <
45◦ and it diminishes rapidly as we go towards θ13 = 0.
The main observation is that PNH(¯νµ ↔ ¯νµ) > PIH(¯νµ ↔
¯νµ) and PNH(νµ ↔ νµ) < PIH(νµ ↔ νµ) over almost the whole
range of Lν and Eν. However this alters for i) θ13 >∼ 5◦ at
some baselines (∼8000-10000 km) for relatively small energy
ranges (see fig. 2). This energy range depends strongly on
∆m232 value.
Though all the above effects diminish at θ13 = 0, there re-
mains a finite difference in P(νµ ↔ νµ) (P(¯νµ ↔ ¯νµ)) for di-
rect and inverted hierarchy at θ13 = 0 due to nonzero value of
∆m221 (see fig. 3).
V. CHOICE OF OBSERVABLES AND ITS VARIABLES
The effect of matter to the oscillation probability is a com-
plicated function of E , L and the density of medium. From the
study of survival probability P(νµ ↔ νµ) and P(¯νµ ↔ ¯νµ) in
the previous section, it is clear that the difference in number of
events for NH and IH is more significant for particular ranges
of E and L rather than the range of their combination, L/E . In
case of L/E there remains some L(E) values for some values
of E(L), where the difference between NH and IH is insignif-
icant. For these values of L and E , it increases the magnitude
of statistical errors and eventually kills the significance which






































































































FIG. 2: The variation of P(νµ ↔ νµ) with E for L = 4000,7000,9000 km respectively at θ13 = 10◦,θ23 = 45◦, δ = 0◦ and |∆m232| =
2.×10−3eV2.
We consider the following observables to determine the hi-
erarchy: u, d, u¯, ¯d ud ,
u¯
¯d or any combinations of them, where
u, d (u¯, ¯d) are the up going and down going neutrino (anti-
neutrino) events in the interesting L−E regions. For down go-
ing events we consider the ‘mirror’ L which is exactly equal
to that value when neutrino comes from the opposite direc-
tion. In case of observables with the combination of neutri-
nos and anti-neutrinos we will encounter the uncertainty of
the ratio νµ
¯νµ
which is ≃ 1 at low energy and increases with
energy[25, 28, 29].
However, since the matter effect and the cross sections for
neutrinos and anti-neutrinos are dependent on E , the uncer-
tainty in the νµ
¯νµ
ratio may affect significantly in determination
of hierarchy for the combined parameter.
To minimize the cross section and flux uncertainties, we




















Though there are uncertainties in νµ
¯νµ
, we have also stud-














In some cases we see that Ac can give significant results. The
CL of discriminating NH (IH) from IH (NH) with observable
A is (ANH −AIH)/σNHA ((ANH −AIH)/σIHA ). However since
σNH ≈ σIH , we take approximately the average value of the
errors in distinguishing both hierarchy.
VI. POSSIBLE UNCERTAINTIES
Here we are integrating the events over a large range of L
and E . Then we find out the up/down ratios. If the zenith
angle or energy dependence of the flux changes, the results
may change. However if the shape of the flux with energy
and zenith angle does not change, the value of the observables



















































FIG. 3: The variation of P(νµ ↔ νµ) with E for i) L = 7000 km, θ13 = 7◦, |∆m232| = 2×10−3eV2 and θ23 = 40◦ (left), ii) L = 7000 km,
θ13 = 7◦, |∆232| = 3× 10−3eV2 and θ23 = 45◦ (middle) and iii) L = 3000 km, θ13 = 0◦, |∆m232| = 2× 10−3eV2 and θ23 = 45◦ (right)
respectively.
the serious uncertainty in flux may arise due to the tilt in the
shape. This may be like the following:












We assume the uncertainty on the factor δE , σδE =5% and
E0 = 2 GeV in analogy with [30, 31].
Similarly the uncertainty in zenith angle
Φδz(cosθz)≈Φ0(cosθz) [1 + δz cosθz] (8)
However, the value of this uncertainty is less (≈ 2%) [30, 31]
than the energy uncertainty.
VII. RESULT
In this simulation study we show that the selection of events
at ICAL@INO with atmospheric neutrinos is very important
to determine the hierarchy as well as θ13. We have seen
from NUANCE simulated data that the events for particu-
lar ranges of L and E are important for a particular set of
(∆m232, θ13, θ23) values to extract the result with a better CL.
It can be understood from the above study of the survival prob-
ability and the knowledge on energy dependence of flux. We
can typically choose mainly two types of Lν−Eν regions:
1. For 11000 < Lν(¯ν) < 12000 km; E ¯ν: 2.2– 5.5 GeV &
Eν : 2.1– 6.5 GeV and
2. For 7500 km < Lν(¯ν) < 11000 km; Eν(¯ν) : 5.0– 15 GeV
It is notable here that matter effect is not very significant at
high energy (>∼ 15 GeV). We have considered the following
observables: u, u¯, d, ¯d, A, ¯A, Ac. The CL are determined
separately for A, ¯A, Ac. Here we have presented some bench-
mark results from the simulation for 1 Mton-year exposure of
ICAL. We set CP phase δCP = 0 and ∆m221 = 7.9× 10−5eV2
in our whole analysis.
For three typical choices of L−E ranges we have shown
the observables for different sets of oscillation parameters in
tables I, II and III. It is clear from these tables that a partic-
ular choice of L−E ranges is the best for a particular set of
oscillation parameters.
Since muon is a clean signal at ICAL and the direction of
a detected neutrino event will be reconstructed from it along
with the energy, we have studied the above results in terms
of muon energy (Eµ) and the baseline determined from muon
direction (Lex) as shown in table IV for a typical choice of
L−E regions. In table V we have presented the results for
each set of oscillation parameters with the particular choice of
L−E ranges which are interesting for that set of parameters.
The inclusion of hadrons may improve these results. However
we have considered muons only in this study.
We see from table I and III that long ranges of E can
be chosen at both high and low L ranges for high values of
θ13(>∼ 4.5◦) leading to a high statistics. For low θ13(<∼ 4.5◦),
it is important to note that we can find some E and L spaces,
though with low statistics, where a considerably high CL
(>∼ 3σ) can be achieved even for θ13 ≈ 3◦.
In fig. 4 we show how the CL of the result varies with
θ13 for a particular set of Lν−Eν regions with fixed values of
|∆m232| and θ23. We have also studied the variation of |∆m232|
and θ23 for θ13 = 7◦, which are shown in tables I, II, IV and V.
From this study it is almost clear that the degeneracy of differ-
ent set of oscillation parameters may arise in one observable
but it is removed when we consider A and ¯A simultaneously.
We have also proposed a strategy to remove this degeneracy
in the section VIII.
The results will improve if we select separate ranges of L
and E for neutrinos and anti-neutrinos since there is a relative
shift of the maxima and minima in the variation of P(νµ ↔ νµ)
and P(¯νµ ↔ ¯νµ) with E . Moreover a significant improvement
will occur when we consider neutrino induced muons due to
huge difference in kinematic smearing in L and E between µ+
and µ−. This is illustrated in tables.
To get an idea that how the flux uncertainty on Eν can
change the result, we have studied it for θ13 = 7◦. This is
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FIG. 4: The change of ud ratio for normal hierarchy (NH) and inverted hierarchy (IH) with θ13 for the specific E, L ranges as in table
I and |∆m232|= 2×10−3eV2 and θ23 = 45◦.
be minimized if we redefine the observables as discussed later
in the section VIII.
For θ13 = 0 we cannot find a significant difference in num-
ber of events if we consider the above type of E and L ranges
because the difference cancels out at low E and high L due
to many oscillation swings. However, at low L and high E
the number of oscillation swings becomes less and a measur-
able difference arises. We find the range Eν > 3.6 GeV and
L = 700−3500 km by simulation of all atmospheric neutrino
events, where we can achieve ≃ 2σ CL if there is no uncer-
tainty.
VIII. DISCUSSION
We have shown that it would be possible to distinguish hi-
erarchy at≃ 3σ CL for θ13 ≥ 3◦ in a 1 Mton-year exposure of
ICAL for the fixed |∆m232|, θ23 values. The degeneracy of the
oscillation parameter space can be removed if one consider
all the observables simultaneously. Here we are proposing a
strategy to remove the degeneracy and to find the better CL of
the results.
1. For a given point of oscillation parameter space, one can
find out the ranges of Lex −Eµ regions from the simu-
lated data or analytically folding the flux with the cross
section and the survival probability for which the the
CL of discriminating hierarchy by (A, ¯A, Ac) is maxi-
mum. Here one can redefine them to minimize the flux







and A = ∑
i
Ai, ¯A = ∑
i
¯Ai.
Here i denotes the ith L−E plane.
2. Then the observables from the experimental data for
these selected ranges will be found.
3. Now one can define a χ2
χ2 ≡ χ2(Aobi , Athi , ¯Aobi , ¯Athi , σAobi , σ ¯Aobi )
where the superscript ‘ob′(‘th′) denotes the observed
(theoretical) values. However, one may define a bet-
ter function considering all type of uncertainties into it.
Here we are just proposing roughly a strategy to find the
optimum results.
4. Then scanning the allowed oscillation parameter space
one can find out the minima of χ2 for both NH and IH.
5. There may appear one or more local minima χ2min(NH)
and χ2min(IH) for each NH and IH. The χ2 minimum for
NH and IH may or may not overlap.
6. Next find out the difference ∆χ2 between NH and IH for
the global minimum.
7. Check whether the χ2 values for NH and IH overlaps
for any points in the oscillation parameter space within
the range of ∆χ2 from global minimum.
8. Repeat step 1— 7 with the choice of L−E regions for
the set of oscillation parameters of global minima. Con-
tinue this until they do not overlap within the range of
∆χ2 from the new global minimum and do not converge
within a certain uncertainties of oscillation parameters.
The full simulation considering the above strategy is un-
der way.
6Here we will discuss some points for the estimation of de-
tector efficiency and the errors that may occur in the experi-
ment.
1. One can estimate the efficiency of the ICAL detector
in the following procedure. The fiducial volume of the
detector can be estimated so that an event with vertex
inside this volume can be reconstructed. To reconstruct
an event one may need the minimum number of hits
>∼ 9. So one can estimate this just neglecting 10 layers
from top and bottom and 50 cms from lateral sides. For
this into consideration the efficiency will be reduced by
a factor
≈ 120 (layers)×4700 cm×1500 cm
140 (layers)×4800 cm×1600 cm ≃ 79%.
2. For the maximum difference in NH and IH we find the
minimum value of Lex ≈ 4000 km for large Eµ and Lex ≈
10000 km for low Eµ ≈ 1.5GeV. For these cases we will
get number of hits >∼ 12.
3. It is notable here that we have considered highest Eµ ≈
15 GeV. For the muons below this energy the charge
identification capability of ICAL@INO is >∼ 93% with
the magnetic field ∼ 1 Tesla[15]. In this study we con-
sider only the muon energy whose reconstruction effi-
ciency will also be very high for these cases. The muon
energy and angle resolutions are ≈ 3-6% for the above
ranges. The wrong charge identification possibility is
very negligible. So it is highly expected that the
result estimated will not change appreciably after
GEANT[32] simulation.
4. From equation 4 it clear that the statistical error varies
as 1√T with T as the exposure time. So one can approx-
imately assume that the CL of the result varies as
√
T .
So we can achieve 2.2 σ CL for θ13 = 7◦ in 5 year run
of 50 kton ICAL.
IX. CONCLUSION
The neutrino mass hierarchy with atmospheric neutrinos
can be probed upto a low value of θ13 ∼ 3◦ at ICAL@INO by
judicious selection of events and observables. Here we have
shown that 3σ (2.2σ) confidence level can be achieved for dis-
crimination of hierarchy at θ13 = 3◦(7◦) in a 1 Mton-year (250
kton-year) exposure of this detector. The degeneracy of the
observables due the uncertainty of oscillation parameters may
also be removed.
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7θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
θ23 = 45◦,
∣∣∆m232∣∣= 2×10−3eV2
3◦ NH 680( 274) 1405( 441) 0.4839± 0.0226 2.23 0.6213± 0.0477 3.27 -0.1373± 0.0528 3.92
IH 771( 225) 1439( 469) 0.5358± 0.0239 0.4797± 0.0389 0.0560± 0.0456
4.5◦ NH 671( 213) 1399( 459) 0.4796± 0.0225 2.22 0.4640± 0.0384 2.85 0.0156± 0.0445 1.36
IH 727( 286) 1367( 493) 0.5318± 0.0244 0.5801± 0.0431 -0.0483± 0.0495
7◦ NH 640( 240) 1427( 445) 0.4485± 0.0213 4.15 0.5393± 0.0431 2.46 -0.0908± 0.0481 4.21
IH 727( 210) 1334( 476) 0.5449± 0.0251 0.4411± 0.0365 0.10380±0.0443
10◦ NH 643( 246) 1448( 466) 0.4440± 0.0210 3.81 0.5279± 0.0416 2.68 -0.0838± 0.0466 4.23
IH 746( 202) 1408( 476) 0.5298± 0.0239 0.4244± 0.0356 0.1055± 0.0429
θ23 = 40◦,
∣∣∆m232∣∣= 2×10−3eV2
7◦ NH 716( 243) 1340( 407) 0.5343± 0.0247 0.75 0.5970± 0.0484 0.79 -0.0627± 0.0543 1.05
IH 752( 243) 1360( 434) 0.5529± 0.02512 0.5599± 0.0448 -0.0070± 0.0514
θ23 = 45◦,
∣∣∆m232∣∣= 3×10−3eV2
7◦ NH 692( 236) 1366( 478) 0.5065± 0.0236 2.94 0.4937± 0.0392 1.93 0.01287± 0.0458 0.19
IH 811( 256) 1401( 445) 0.5788± 0.0255 0.5752± 0.0451 0.0036± 0.0518
TABLE I: The simulated data for discrimination of the hierarchy at different oscillation parameters. Here we have considered
11000 < Lν(ν¯) < 12000 km for Eν¯ : 2.2– 5.5 GeV & Eν : 2.1– 6.5 GeV and 7500 km < Lν(ν¯) < 11000 km for Eν(ν¯) : 5.0– 15 GeV.
These L−E ranges are important for θ13 = 3◦.
θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
θ23 = 45◦,
∣∣∆m232∣∣= 2×10−3eV2
10◦ NH 1223( 468) 2756( 945) 0.4437± 0.0152 4.39 0.4952± 0.0279 2.71 -0.0514± 0.0318 4.59
IH 1392( 409) 2706( 966) 0.5144± 0.0169 0.4233± 0.0249 0.0910± 0.0301
7◦ NH 1248( 517) 2690( 901) 0.4639± 0.0158 3.48 0.5738± 0.0316 4.57 -0.1098± 0.0354 5.68
IH 1420( 423) 2724( 956) 0.5212± 0.01706 0.4424± 0.0258 0.0788± 0.0309
4.5◦ NH 1338( 421) 2737( 961) 0.4888± 0.0163 1.61 0.4380± 0.0256 1.29 0.0507± 0.0303 0.22
IH 1380( 453) 2676( 960) 0.5156± 0.0170 0.4718± 0.0268 0.04382± 0.0318
3.0◦ NH 1287( 455) 2694( 952) 0.4777± 0.0161 0.70 0.4779± 0.0272 1.02 -0.0002± 0.0316 0.53
IH 1364( 467) 2789( 922) 0.4890± 0.0161 0.5065± 0.0287 -0.0174± 0.0329
θ23 = 40◦,
∣∣∆m232∣∣= 2×10−3eV2
7◦ NH 1313( 463) 2722( 934) 0.4823± 0.0162 4.92 0.4957± 0.0281 0.08 -0.0133± 0.0325 2.64
IH 1500( 460) 2644( 932) 0.5673± 0.0183 0.4936± 0.0281 0.0737± 0.0335
θ23 = 45◦,
∣∣∆m232∣∣= 3×10−3eV2
7◦ NH 1346( 509) 2734( 928) 0.4923± 0.0163 2.68 0.5484± 0.0302 2.94 -0.0561± 0.0344 3.89
IH 1460( 425) 2715( 916) 0.5377± 0.0174 0.4639± 0.0272 0.0737± 0.0323
TABLE II: The simulated data for discrimination of the hierarchy at different oscillation parameters. We have considered Lν(ν¯) >
10000 km for Eν(ν¯) : 1.8– 6.5 GeV and 5500 km < Lν(ν¯) < 8000 km for Eν(ν¯) : 3.9– 15 GeV. This L−E regions are important for
θ13 = 7◦.
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8θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
10◦ NH 1998(739) 4267(1507) 0.4682±0.0127 4.29 0.4903±0.0220 4.31 -0.0221±0.0254 5.93
IH 2250(606) 4287(1510) 0.5248±0.01366 0.4013±0.0193 0.1235±0.02364
7◦ NH 2002(788) 4223(1423) 0.4741±0.01286 3.52 0.5538±0.02459 3.03 -0.0797±0.0278 4.37
IH 2205(698) 4234(1446) 0.5208±0.0137 0.4827±0.0222 0.0381±0.0261
4.5◦ NH 2133(701) 4194(1511) 0.5086±0.0135 0.63 0.4639±0.0212 2.45 0.0447±0.0251 1.75
IH 2162 (773) 4180(1492) 0.5172±0.0137 0.5181±0.0229 -0.0009±0.0267
3◦ NH 2096(749) 4192(1488) 0.5000±0.0134 0.3228 0.5034±0.0225 1.18 -0.0034±0.0262 1.17
IH 2168(717) 4299(1502) 0.5043±0.0133 0.4774±0.0217 0.0269±0.0254
TABLE III: The simulated data for discrimination of hierarchy at different θ13 with |∆m232| = 2×10−3 eV2 and θ23 = 45◦. We have
considered Lν(ν¯) > 10500 km for Eν(ν¯) : 1.8– 6 GeV and 4500 km < Lν(ν¯) < 10500 km for Eν(ν¯) : 3.2– 15 GeV. These L−E regions
are important for θ13 = 10◦.
θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
θ23 = 45◦,
∣∣∆m232∣∣= 2×10−3eV2
10◦ NH 1660(760) 3681(1640) 0.4510±0.0133 3.35 0.4634±0.0203 2.32 -0.0125±0.0243 3.81
IH 1820(681) 3661(1630) 0.4971±0.01425 0.4178±0.0191 0.0793±0.0238
7◦ NH 1646(785) 3640(1501) 0.4522±0.0134 1.92 0.5229±0.0230 1.67 -0.0708±0.0266 2.42
IH 1737(757) 3630(1558) 0.4785±0.0139 0.4859±0.0215 -0.0074±0.0256
4.5◦ NH 1690(723) 3569(1615) 0.4735±0.0139 1.10 0.4477±0.0200 2.49 0.0258± 0.0244 1.45
IH 1743(795) 3564( 1591) 0.4891± 0.0143 0.4997± 0.0217 -0.0106±0.0259
3◦ NH 1648( 757) 3592( 1614) 0.4588± 0.0136 1.24 0.4690± 0.0206 0.02 -0.0102±0.0247 0.71
IH 1763( 785) 3705( 1675) 0.4758±0.01377 0.4687± 0.0203 0.0072± 0.0245
θ23 = 45◦,
∣∣∆m232∣∣= 3×10−3eV2
7◦ NH 1777( 821) 3623( 1581) 0.4904±0.01420 1.82 0.5193± 0.0223 1.81 -0.0288± 0.0264 0.54
IH 1746( 775) 3753( 1614) 0.4652± 0.0134 0.4801± 0.0209 -0.0149± 0.0249
θ23 = 40◦,
∣∣∆m232∣∣= 2×10−3eV2
7◦ NH 1785( 748) 3591( 1606) 0.4970± 0.0143 0.79 0.4657± 0.0206 0.52 0.0313± 0.0251 0.88
IH 1744( 802) 3590( 1683) 0.4857± 0.0141 0.4765± 0.0204 0.0092± 0.0248
TABLE IV: The simulated data for discrimination of hierarchy at different oscillation parameters using muon energy and direction.
We have considered Lex > 10500 km for Eµ± : 1.8– 4.8 GeV and 3800 km < Lex < 10500 km for Eµ± : 2– 10 GeV. These L−E
regions are important for θ13 = 10◦.
9θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
θ23 = 40◦,
∣∣∆m232∣∣= 2×10−3eV2
Lex > 11000 km for Eµ+ : 3.4– 5.5 GeV, Eµ− : 3.8– 5.0 GeV and 5000 km < Lex < 7800 km for Eµ+ : 2.4– 9 GeV, Eµ− : 4.8– 10 GeV
7◦ NH 164( 214) 444( 506) 0.3694± 0.0337 4.03 0.4229± 0.0344 1.98 -0.0535± 0.0482 1.54
IH 224( 240) 427( 484) 0.5245± 0.0432 0.4958± 0.0391 0.0287± 0.0583
θ23 = 45◦,
∣∣∆m232∣∣= 2×10−3eV2
Lex > 11000 km for Eµ+ : 1.5– 5.5 GeV, Eµ− : 1.3– 5.0 GeV and 3800 km < Lex < 10000 km for Eµ+ : 2.2– 12 GeV, Eµ− : 2.8– 12 GeV
7◦ NH 1193( 728) 2828( 1387) 0.4218± 0.0145 3.76 0.52488± 0.0240 2.92 -0.1030± 0.0280 4.51
IH 1358( 654) 2835( 1427) 0.4791± 0.01581 0.4583± 0.0216 0.0207± 0.0268
Lex > 11000 km for E±µ : 1.5– 4.0 GeV and 7500 km < Lex < 11000 km for E±µ : 3.8– 10 GeV
4.5◦ NH 527( 226) 1273( 566) 0.4139± 0.0214 4.33 0.3992± 0.0314 3.17 0.0146± 0.0380 0.18
IH 631( 280) 1225( 551) 0.5151± 0.0252 0.5081±0.0372 0.0069± 0.0450
7000 km < Lex < 11000 km for Eµ± : 2.2– 8 GeV
3◦ NH 606( 306) 1348( 593) 0.4496±0.0219 2.30 0.5160± 0.0363 2.23 -0.0664± 0.0424 3.13
IH 670( 280) 1334( 636) 0.5022± 0.0237 0.4402± 0.0315 0.0619± 0.0395
Lex > 11000 km for Eµ± : 1.5– 4.0 GeV and 7500 km < Lex < 11000 km for Eµ+ : 3.5– 10 GeV, Eµ− : 3.8– 10 GeV
4.5◦ NH 527( 239) 1273( 602) 0.4139± 0.0214 4.33 0.3970± 0.0303 3.46 0.0169± 0.0371 0.36
IH 631( 296) 1225( 577) 0.5151± 0.0252 0.5129± 0.0367 0.0021± 0.0445
TABLE V: The simulated data for discrimination of hierarchy at different oscillation parameters with its interesting L−E regions.
θ13 hierarchy u(u¯) d( ¯d) A±σ CL(σ) ¯A±σ CL(σ) Ac±σ CL(σ)
θ13 = 7◦, θ23 = 45◦,
∣∣∆m232∣∣= 2×10−3eV2
true NH 1193( 728) 2828( 1387) 0.4218± 0.01456 0.5248± 0.0240 -0.1030± 0.0280
δE = 0% IH 1358( 654) 2835( 1427) 0.4790± 0.0158 3.76 0.4583± 0.0216 2.92 0.02070± 0.02680 4.51
δE = +5% IH 1600( 755) 3390( 1776) 0.4719± 0.0143 3.47 0.4251± 0.0184 4.69 0.0468± 0.0233 5.83
δE =−5% IH 993( 529) 2088( 1172) 0.4755± 0.0183 3.26 0.4513± 0.0236 3.08 0.02420± 0.0299 4.38
true IH 1358( 654) 2835( 1427) 0.4790± 0.0158 0.4583± 0.0216 0.0207± 0.0268
δE = 0% NH 1193( 728) 2828( 1387) 0.4218± 0.0145 3.76 0.5248± 0.0240 2.92 -0.1030± 0.0280 4.51
δE = 5% NH 1547( 866) 3472( 1835) 0.4455± 0.0136 2.27 0.4719± 0.0194 0.66 -0.0263± 0.0237 1.86
δE =−5% NH 988( 553) 2196( 1240) 0.4499± 0.0172 1.76 0.4459± 0.0228 0.55 0.0039± 0.0285 0.61
TABLE VI: The effect of flux uncertainties on hierarchy determination. The word ‘true’ signifies the measured values. Here we choose
Lex > 11000 km for Eµ+ :1.5-5.5 GeV & Eµ− :1.3-5.0 GeV and 3800 km < Lex < 10000 km for Eµ+ :2.2-12.0 GeV & Eµ− :2.8-12.0 GeV. The
huge differences in observables can be minimized by redefining them as discussed in the text.
